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6

6.1

y = f(x) x a a + h f(a)

f(a + h) y x

f(a + h) − f(a)
(a + h) − a

=
f(a + h) − f(a)

h

6.1

2 A B

6.1

h 0 B A

A h → 0
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f ′(a)

f ′(a) = lim
h→0

f(a + h) − f(a)
h

(6.1)

f ′(a) A f(x) x = a

6.2

6.2 A

x

f ′(x),
df

dx
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6.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x2

[ ]
dx2

dx
= lim

h→0

(x + h)2 − x2

h
= lim

h→0

2xh + h2

h
= lim

h→0
(2x + h) = 2x

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

h h 0

6.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

sin x

[ ]

d

dx
sin x = lim

h→0

sin(x + h) − sin x

h
= lim

h→0
2

cos(x + h/2) sin(h/2)
h

= cos x

lim
h→0

sin(h/2)/(h/2) = 1 5 5(1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6.1

6.1

f (x) f ′ (x)

xa αxα−1

ax ax log a a > 0

sin x cos x x

cos x − sin x

tan x sec2 x

cot x −cosec2x

sec x sec x tan x

cosecx −cosecx cot x

log x 1
x x > 0

sin−1 x 1√
1−x2 sin−1

cos−1 x − 1√
1−x2

tan−1 x 1
1+x2

cot−1 x − 1
1+x2

sec−1 x 1
|x|√x2−1

cosec−1x − 1
|x|√x2−1

2

f ′′(x),
d2f

dx2

f ′′(x) = lim
h→0

f ′(x + h) − f ′(x)
h

2 2

2

3 4
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6.2

6.2.1

a, b f(x), g(x)

d(af(x) + bg(x))
dx

= a
df

dx
+ b

dg

dx
(6.2)

d(af(x) + bg(x))
dx

= lim
h→0

af(x + h) + bg(x + h) − af(x) − bg(x)
h

= a lim
h→0

f(x + h) − f(x)
h

+ b lim
h→0

g(x + h) − g(x)
h

= a
df

dx
+ b

dg

dx

a = b = 1 a = 1, b = −1

d(f(x) ± g(x))
dx

=
df

dx
± dg

dx
(6.3)

3 3 af(x)+bg(x)+

ch(x) af(x) + bg(x) = r(x) (6.2)

d

dx
(af(x) + bg(x) + ch(x)) =

d

dx
(r(x) + ch(x)) =

dr(x)
dx

+ c
dh(x)

dx

= a
df

dx
+ b

dg

dx
+ c

dr

dx

6.2.2

f(x), g(x) g(x) �= 0

(fg)′ = f ′g + fg′ (6.4)
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(
f

g

)
=

f ′g − fg′

g2
(6.5)

(fg)′ = lim
h→0

f(x + h)g(x + h) − f(x)g(x)
h

= lim
h→0

f(x + h)g(x + h) − f(x)g(x + h) + f(x)g(x + h) − f(x)g(x)
h

= lim
h→0

f(x + h) − f(x)
h

g(x + h) + f(x) lim
h→0

g(x + h) − g(x)
h

= f ′(x)g(x) + f(x)g′(x)

d

dx

(
1

g(x)

)
= lim

h→0

1
h

(
1

g(x + h)
− 1

g(x)

)

= − lim
h→0

1
g(x)g(x + h)

g(x + h) − g(x)
h

= − g′

g2

d

dx

(
1

g(x)

)
= − g′

g2
(6.6)

f(x) × 1/g(x) (6.4)

6.2.3

y x ξ = g(x) y ξ y = f(ξ) x

ξ y y x

g f
z = f(g(x))

5.1 y x x x + h

ξ = g(x) g(x + h) y f(g(x))
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f(g(x + h))

df(g(x))
dx

= lim
h→0

f(g(x + h)) − f(g(x))
h

= lim
h→0

f(g(x + h)) − f(g(x))
g(x + h) − g(x)

g(x + h) − g(x)
h

=
df

dg

dg

dx
=

df

dξ

dξ

dx
(6.7)

6.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

sin(x2) x

[ ]

ξ = x2 y = sin ξ

dy

dx
=

d(sin ξ)
dξ

dξ

dx
= cos ξ(2x) = 2x cos x2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6.2.4

f(x) y = f−1(x)

f(y) = f(f−1(x)) = x

x

1 =
df

dx
=

df/dy

dy/dx
=

dx/dy

dy/dx

dy

dx
=

1
dx/dy

f ′(x) =
1

g′(y)
(6.8)

g′(y) �= 0
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6.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

y = log x

[ ]

y = log x x = ey dx/dy = ey = x

d(log x)
dx

=
dy

dx
=

1
dx/dy

=
1
x

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6.2.5

x, y t
x = f(t), y = g(t)

t = f−1(x) y = g(f−1(x)) y x

y x

dy

dx
=

dg

d(f−1)
df−1

dx
=

dg

dt

dt

dx
=

dy/dt

dx/dt
(6.9)

6.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x = a cos t y = b sin t a b 0 dy/dx

[ ]
dx/dt = −a sin t, dy/dt = b cos t

dy

dx
=

dy/dt

dx/dt
= −b cos t

a sin t
= − b2x

a2y

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6.3

f(x) x = a

f ′(a) = 0 6.3

0

0

6.3

f(x) [a, b] (a, b)

f(a) = f(b) = 0 f ′(x) = 0 x (a, b)

y = f(x) 6.4

x = a, x = b x f ′(x) = 0

0 x

6.4
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f(x) [a, b] (a, b)

f(b) − f(a) = (b − a)f ′(c) (6.10)

x = c (a, b)

(f(b) − f(a))/(b − a)

A B y = f(x)

A B 6.5

6.5

F (x) = f(b) − f(x) − k(b − x)

F (b) = 0

F (a) = 0

k

k = (f(b) − f(a))/(b − a)

k F ′(x) = 0

x = c

F ′(x) = −f ′(x) + k

F ′(c) = −f ′(c) + k = 0
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x = c x = a x = b

c = a + (b − a)θ (0 < θ < 1)

(6.10)

f(b) = f(a) + (b − a)f ′(a + (b − a)θ) (0 < θ < 1) (6.11)

b = a + h

f(a + h) = f(a) + hf ′(a + hθ) (0 < θ < 1) (6.12)

(6.11) b b = x

f(x) = f(a) + (x − a)f ′(c) (a < c < x) (6.13)

f(x) 1

1 x

f(x) [a, b] f(x) f ′(x) (a, b)

f(b) − f(a) = (b − a)f ′(a) +
1
2

(b − a)2f ′′(c) (6.14)

x = c (a, b)

F (x) = f(b) − f(x) − (b − x)f ′(x) − k(b − x)2 (6.15)

(a, b) 2 f(x) f ′(x)

F (b) = 0

F (a) = f(b) − f(a) − (b − a)f ′(a) − k(b − a)2 = 0

k k

F ′(c) = 0

c (a,b)

F ′(x) = −f ′(x) + f ′(x) − (b − x)f ′′(x) + 2k(b − x)
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0 = −(b − c)f ′′(c) + 2k(b − c)

k (6.15)

f(b) = f(a) + (b − a)f ′(a) +
1
2

(b − a)2f ′′(a + (b − a)θ) (0 < θ < 1) (6.16)

f(a + h) = f(a) + hf ′(a) +
1
2

h2f ′′(a + hθ) (0 < θ < 1) (6.17)

(6.16) b = x

f(x) = f(a) + (x − a)f ′(a) +
1
2

(x − a)2f ′′(c) (6.18)

2 2 2
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6.4

y = f(x) f ′(a) > 0 a

(6.13) a

f ′(a) < 0 a

f ′(a)

x f ′(x) = 0

2 2

2 2 (6.18)

f ′(x) = 0 f ′′(x) > 0 f ′′(x) < 0

6.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

y = x5 − 5x4 + 5x3 + 10

[ ]
y′ = 5x4 − 20x3 + 15x2 = 5x2(x − 1)(x − 3)

y′ = 0 x = 0 1 3 f ′

6.2 x = 1 11 x = 3

−17 x = 0 *1

x → −∞ y → −∞ x → ∞ y → ∞
6.6

*1 f ′(x) = 0 f ′(x) = 0 f(x)
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6.2

x −∞ 0 1 3 +∞
h′(x) + 0 + 0 − 0 −
h(x) −∞ ↗ 10 ↗ 11 ↘ -17 ↗ +∞

6.6

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

y = 2 sin x + sin 2x 0 ≤ x ≤ 2π

[ ]

y′ = 2 cos x + 2 cos 2x = 2(cos x + 2 cos2 x − 1) = 2(2 cos x − 1)(cos x + 1)

y′ = 0 cos x = 1/2 cos x = −1 x = π/3

π 5π/3 x = π/3 3
√

3/2 x = 5π/3 −3
√

3/2
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1 + cos x ≥ 0 6.3

6.7

6.3

x 0 π
3 π 5

3π 2π

h′(x) + 0 − 0 − 0 +

h(x) 0 ↗ 3
√

3
2 ↘ 0 ↘ − 3

√
3

2 ↗ 0

6.7

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .


